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Abstract
We prove a version of Lašnev’s theorem for spaces with point-countable bases.
Theorem. Let X have a point-countable base, f :X→ Y be a closed map. Then there is an ω1-
relatively-discrete subspace Z of Y such that |Z|6 d(Y ) and f−1(y) is compact for every y ∈ Y \Z.
Then we study the subspaces of closed images of regular spaces with point-countable bases and
show that every such subspace has countable pi-character and a point-countable pi-base. The latter
result is extended to a wider class of spaces which is invariant under closed maps and products with
metrizable compacta. The proofs use a structure which controls the convergence properties of the
space and those of its closed image. Ó 1999 Elsevier Science B.V. All rights reserved.
Keywords: Point-countable base; Closed map; Lašnev’s theorem; Sequential space; Sequential
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1. Introduction
A well-known theorem of Lašnev says that every closed map on a metric space is perfect
on the complement of the preimage of a σ -discrete subspace. Many generalizations of this
theorem were obtained for several classes of spaces (see [3]). Usually the proofs exploited
the nice local structure of the space to find noncompact points of the map and the σ -
discrete subset was constructed as the image of another σ -discrete subset under the closed
map. Thus the global structure of the space on which the map was defined was used for the
construction. The closed map then played the role of carrier which transported the subset to
the image preserving its properties. If one needs a version of Lašnev’s theorem for a wider
class of spaces, however, the strategy above may fail in two respects. First, the lack of
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global structure of the space may prevent one from detecting the points with images being
points of noncompactness. Second, the map can destroy the properties of the subspace. For
example, an image of a relatively-discrete subset (i.e., homeomorphic to a discrete space)
is not necessarily relatively-discrete. So a different approach is needed.
In the present paper we study closed maps on spaces with point-countable bases. As
Example 2.6 shows, some natural versions of Lašnev’s theorem fail to be true in this
situation. However, the following result holds.
Theorem 1.1. LetX have a point-countable base, f :X→ Y be a closed map. Then there
is an ω1-relatively-discrete subspace Z of Y such that |Z|6 d(Y ) and f−1(y) is compact
for every y ∈ Y \Z.
As a corollary one has that a closed image of a space with a point-countable base is a
union of ω1 subspaces with point-countable bases. The construction of the subset of points
of noncompactness takes place essentially in the image, and the proof of its ω1-relatively-
discreteness uses the structure carried over to the image by the closed map. The structure
mentioned controls the convergence properties of the image. We consider sequential spaces
with the following property.
(S) there exists a point-countable network γ for X such that for any x ∈ X, any open
x ∈ U , and any sequence S such that S→ x , there is an element ξ ∈ γ such that
ξ ⊆U and ξ ∩ S is infinite.
The class of such spaces coincides with the class of k-spaces with point-countable k-
networks (see [6] for the definition of k-network) and can be defined in many other ways
(see [6,8]; it is easily seen that in the case of sequential spaces any γ with the properties
described in (S) is an s-network in the sense of [8]). We will call sequential spaces with
property (S) s-spaces for brevity. The class of s-spaces is invariant under closed mappings
[8, Lemma 1.2, Proposition 1.3]. It also has many useful convergence properties. As one
of the applications of s-spaces we consider subspaces of closed images of spaces with
point-countable bases. Although a closed map even on a metrizable space can destroy
first countability at every point, it turns out that every closed image of a regular space
with a point-countable base has a point-countable pi -base and countable pi -character. The
methods can be applied to a broader class of spaces. As metrizable compacts may be
considered to be the simplest sequential spaces, it is natural to require our class of spaces
to be closed under multiplication by a metrizable compact. If we also require it to be
invariant under closed mappings and closed subspaces, contain all regular spaces with
point-countable bases and be the minimal class of spaces with these properties we get a
nontrivial extension of the class of spaces with point-countable bases. We will call the
class of spaces just described class P . It is easily seen that one has an increasing chain
P0 ⊆ P1 ⊆ · · · ⊆ Pn ⊆ · · · of ‘generations’ of P where P0 is the class of all regular spaces
with point-countable bases and Pn consists of all products of closed images of spaces from
Pn−1 with metrizable compacta. Using induction, the fact that closed maps do not raise
sequential order and [7, Theorem 2.2] it is easy to prove that the sequential order of any
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space from Pn+1 is less than or equal to n and that there are spaces with arbitrarily large
finite sequential orders in P . Though it seems that spaces from the class just described are
very far from first-countable ones, it can be still proved that they all have point-countable
pi -bases and countable pi -character. It follows, for example, that every topological group
in P is metrizable (Corollary 3.8). Use of s-spaces and their properties allows one to avoid
the problems with separation axioms in class P . It is well-known that closed maps easily
destroy regularity, so there are many nonregular spaces in P though the ‘origin’ of P is
regular. The proof of Lemma 3.4, which is later used for the construction of pi -base, uses
the following ‘imitation’ of regularity:
(Scl ) The same as in property (S) except that ξ ⊆U is required instead of ξ ⊆ U .
Obviously every regular space with property (S) has also property (Scl ). To prove
property (Scl ) in the image of a closed map (obviously multiplication by a metrizable
compact cannot destroy (Scl )), we introduce the notion of c-regularity (Definition 4.2)
which coincides with regularity for spaces from P0 (Lemma 4.3) but at the same time
is invariant under closed maps in P (Lemma 4.7). The fact that the sequential order of
spaces in P is finite makes it possible to prove (Scl ) in P . So finally we have the following
theorem.
Theorem 1.2. Every space in class P (in particular, every closed image of a regular space
with a point-countable base) has a point-countable pi -base and countable pi -character.
Corollary 3.8 is a application of Theorem 3.7 to topological groups. It can be given a
form of metrization theorem: a topological group is metrizable iff it is an s-space and
has sequential order less than ω1. Corollary 3.8 was proved in [9] using methods which
essentially used the structure of topological groups.
The notation and terminology used are standard. We will use the notation S→ x when
S ∪ x is a convergent sequence with the limit point x . A space X is called sequential if for
anyA⊆X such that A 6=A there is a sequence S ⊆A such that S→ x /∈A. Put [A]0 =A,
[A]α+1 = {x | x is a limit of a sequence in [A]α}, [A]α =⋃β<α[A]β for a limit α. Then
so(X) is the least ordinal α < ω1 such that A= [A]α for any A⊆X. A family γ of subsets
of a space X is called point-countable if the set {ξ ∈ γ | x ∈ ξ} is countable for any point
x ∈ X. A subset D ⊆ X is called relatively discrete (discrete) if D is homeomorphic to
a discrete space (and closed in X). Z is called ω1-(relatively-)discrete if Z is a union of
ω1 (relatively) discrete subsets of X. d(X) denotes the density of X. A map f :X→ Y
is called k-covering if every compact in Y is a subset of the image of some compact in
X. A subset θ ⊆ ω2 is called thick (thin) if |{n ∈ ω | |{n} × ω ∩ θ | = ℵ0}| = ℵ0 (for any
n ∈ ω, |{n} × ω ∩ θ |< ℵ0). A collection V of subsets of a topological space X is called a
pi -base at x where x ∈X if for any open x ∈U ⊆X there is V ∈ V such that V ⊆U . Then
pi -character at x ∈X is defined as
piχ(x,X)=min{|V| | V is a pi-base at x}.
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Now pi -character of X is piχ(X)= sup{piχ(x,X) | x ∈X}. A family V of open subsets of
X is called a pi -base for X if V is a pi -base at every point of X. All spaces are assumed to
be Hausdorff. We use without explicit reference the following principle:
if {An}n∈ω is a collection of closed subsets of a sequential space X, B is a closed subset
of X and any subset of the form {yn | n ∈ ω} ∪ B where yn ∈ An is closed in X then⋃
n∈ω An ∪B is closed in X.
2. A version of Lašnev’s theorem
Definition 2.1. Let X be a topological space, γ be a cover of X. Then γ is called a q-
cover of X if for any point x ∈X there is a countable family Θx = {ξi ∈ γ | x ∈ ξi, i ∈ ω}
such that every sequence S = {xi}i∈ω , xi ∈ ξi , i ∈ ω either is trivial (i.e., |S|< ℵ0) or has a
cluster point.
The following lemma is a slightly strengthened consequence of [8, Lemmas 1.2, 3.3 and
Theorem 3.4] which can be obtained by stating [8, Lemma 3.3] in a stronger form which
follows obviously from its proof.
Lemma 2.2. LetX have a point-countable base, f :X→ Y be a closed map, γ be a cover
of Y . Let Z ⊆ Y be such that f−1(z) is not compact for every z ∈ Z. Then for every ξ ∈ γ
there is a countable Sξ ⊆ ξ such that for any q-cover δ ⊆ γ holds Z ⊆⋃ξ∈δ Sξ .
Lemma 2.3. LetX have a point-countable base B, f :X→ Y be a closed map. Let Z ⊆ Y
be such that f−1(z) is not compact for every z ∈ Z. Then there exists a point-countable
family {Uz}z∈Z of open subsets of Y such that z ∈Uz for every z ∈ Z.
Proof. Put γ = f (B). For any ξ ∈ γ choose Sξ ⊆ ξ with the properties listed in
Lemma 2.2. Put
Vz =
{
V ∈ B | z ∈ Sf (V )
}
, Vz =
⋃
Vz.
Suppose {Vz}z∈Z is not point-countable. Let x ∈X be such that x belongs to uncountably
many Vz’s. Since all Vz’s are unions of elements of B and B is point-countable, there exists
V ∈ B such that x ∈ V and V ∈ Vz for uncountably many z ∈ Z contradicting the fact that
Sf (V ) is countable. So {Vz}z∈Z is point-countable. Put
Bz =
{
V ∈ B | V ∩ f−1(z)= ∅}∪ {V ∈ B | x ∈ V }.
Obviously f (Bz) is a q-cover of Y . So by Lemma 2.2 there is V ∈ Bz such that z ∈ Sf (V ).
Now x ∈ V and V ∈ Vz. Thus x ∈ Vz. So f−1(z)⊆ Vz. It is easily seen that the family{
Uz = Y \ f (X \ Vz) | z ∈ Z
}
is a point-countable family consisting of open sets. 2
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Proof of Theorem 1.1. Let Uz be from Lemma 2.3. The conclusion follows from the
following immediate consequence of [5, Lemma 5]:
Lemma. Let {Uz}z∈Z be a point-countable collection of open sets, z ∈ Uz. Then Z is ω1-
relatively-discrete.
The inequality |Z|6 d(Y ) follows from the point-countability of {Uz}z∈Z.
Corollary 2.4. Every closed image of a space with point-countable base is a union of ω1
spaces with point-countable base.
Proof. The space is a union of a perfect image of a space with a point-countable
base which has a point-countable base by [2] and ω1 spaces homeomorphic to discrete
spaces. 2
The lemma below is used to construct examples.
Lemma 2.5. Let X be a space with a point-countable base B such that there is a function
F :B→ X such that F(U) ∈ U for any U ∈ B and F(B) = X. Then there is a closed
mapping f :Y → X such that X is a space with a point-countable base and f−1(x) is
noncompact for every x ∈X.
Proof. As in [8, Lemma 3.1] we use the construction of Alexandroff double. So put
Y = X × ω, every point (x,n) ∈ Y , n> 1 isolated and basic neighborhoods of (x,0) ∈ Y
to be of the form U × ω \ {(x,n) | n > 1} where x ∈ U is open in X. For every x ∈ X
choose Ux ∈ F−1(x) and {Unx }n∈ω so that x ∈ Unx ⊆ Ux for every n ∈ ω and {Unx }n∈ω form
a neighborhood base at x . Then put
A= {Unx ×ω \ {(x,n) | n> 1} | x ∈X, n ∈ ω} ∪ {(x,n) | x ∈X, n> 1}.
It is easy to see that A is a point-countable base for Y and the obvious map f :Y → X
where f (x,n)= x is closed and f−1(x) is noncompact for every x ∈X. 2
Example 2.6. There are spaces X1, X2 and closed mappings f1 :Y1→X1, f2 :Y2→X2
such that f−1i (x) is noncompact for every x ∈ Xi , i ∈ {1,2} and X1 is not σ -relatively-
discrete, X2 is not ω1-discrete, Y1 and Y2 have point-countable bases.
Proof. By Lemma 2.5, it is enough to find X1 and X2 with point-countable bases B1 and
B2, respectively such that there are functions F1 :B1→X1 and F2 :B2→X2 such that F1,
F2 are onto and Fi(U) ∈ U for U ∈ Bi and X1 is not σ -relatively discrete, X2 is not ω1-
discrete. For X1 take the space X[6] constructed by Todorcˇevich [11]. All the properties
are easy to check.
In [4] Gruenhage constructed a space X such that X has a point-countable base and is
not a sum of c closed metrizable subspaces. Also X can be represented as X = D ∪ B
whereD consists of isolated points and B is a closed discrete subset of X. Putting X2 =X
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we see that X2 is not ω1-discrete and F2 :B2→X2 where B2 is a point-countable base of
X2 can be constructed using the representation of X mentioned above. 2
Remarks. It may be shown by a modification of the proof of Theorem 1.1 that the
following propositions hold (recall that a quotient s-image is an image under a quotient
map with separable fibers).
Theorem 2.7. If X is a quotient s-image of a metric space, f :X→ Y is a closed map,
Z ⊆ Y is a set of points at which f is not compact and Z is a k-space, then Z is ω1-
relatively-discrete.
Let us denote by P ′ the class of spaces one obtains by replacing the invariance under
products with metrizable compacta in the definition of class P (see above) by the invariance
under products with countable compacta. Then the following proposition may be proved
analogously to Theorem 1.1. Note that in class P ′ there are spaces of arbitrarily large finite
sequential order.
Theorem 2.8. Theorem 1.1 holds for spaces from class P ′.
In view of the theorems above the following questions seem interesting.
Question 2.9. Is every closed image of a space with a point-countable base a union of
countably many spaces with point-countable bases?
Question 2.10. Is every subset of a quotient s-image of a metric space a union of ω1 k-
spaces?
Question 2.11. Does an analog of Theorem 1.1 hold for all spaces in class P ? If in
the definition of class P one requires it to be invariant under multiplication by arbitrary
compacts would Theorem 1.1 be true for this wider class of spaces?
3. The role of sequential order
The aim of this section is to prove Theorem 3.7 which is then used in the study
of metrization of sequential topological groups (Corollary 3.8) and in the proof of
Theorem 1.2. In what follows γ always denotes the network mentioned in (S) or (Scl ).
Lemma 3.1. Let X be an s-space. Then the following two properties hold
1(α) if A ⊆ X and x ∈ [A]α then for any x ∈ U open in X there is S ⊆ A such that
x ∈ S ⊆U , S is countable (x ∈ [S]α).
2(α) if X has property (Scl) then for any family {An}n∈ω of subsets of U ⊆ X open in
X such that xn ∈ [An]αn \ U and α is the least such that α > αn for every n ∈ ω
there is a family {Bn}n∈ω such that Bi ⊆ Ai , xi ∈ [Bi ]αi , Bi is countable and any
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subset {yn | n ∈ ω} such that yn ∈ Bn ∩U is a closed discrete subset of U (i.e., if
x ∈ {yn | n ∈ ω} then either x ∈X \ U or x = yn for some n ∈ ω). Moreover if in
2(α) xn→ x as n→∞ for some x ∈X then (Scl) is not needed.
Proof. We will use the fact that if y /∈ {xn | n ∈ ω} and yn→ y as n→∞ then there is
ξ ∈ γ such that ξ ∩ {yn | n ∈ ω} is infinite and ξ ⊆ X \ {xn | n ∈ ω}. It is easy to see that
this assumption is true when (Scl) holds or xn→ z as n→∞ for some z ∈ X. Suppose
that we have proved 1(β) and 2(β) for all β < α. To prove 2(α) use 1(αn) to choose in each
An a subset Sn such that xn ∈ [Sn]αn and Sn is countable. Now using 1(αn) again it is easy
to construct by induction on n ∈ ω a sequence {Bn}n∈ω such that
Bn ⊆ Sn, xn ∈ [Bn]αn ⊆ Bn ⊆X \
⋃
k,m6n
ξk(Sm) (∗)
where{
ξ ∈ γ | ξ ∩B 6= ∅, ξ ∩ {xn | n ∈ ω} = ∅
}= {ξn(B) | n ∈ ω}
for a countable B . Now if x ∈ {yn | n ∈ ω}, yn ∈ Bn ∩ U ⊆ X \ {xn | n ∈ ω} then if x ∈ U
and x 6= yn for any n ∈ ω then we can find x ′ ∈ U such that there is yni → x ′ as n→∞
and by the assumption at the beginning of the proof there is ξ ∈ γ such that ξ ∩{yni | i ∈ ω}
is infinite and ξ ⊆X \ {xn | n ∈ ω}. Then ξ = ξk(Sm) which contradicts (∗) for then
yni ∈Bni ⊆X \
⋃
k,m6ni
ξk(Sm)⊆X \ ξk(Sm) for ni >max{k,m}.
To prove 1(α) choose xn→ x as n→∞ such that xn ∈ [An]αn where An = A ∩ U ,
αn < α and apply 2(α) for V =X \ ({xn | n ∈ ω} ∪ {x}). Then apply 1(αn) to each xn and
Bn. 2
The proofs of the following two lemmas use the standard diagonal arguments of
Lemma 3.1 so we will just outline them.
Lemma 3.2. Let X be an s-space, A⊆X, x ∈ [A]β for some β > 1, x /∈ [A]1. Then there
is an injection t :ω2→A such that x ∈ t (ω2), t (ω2) \ t (ω2) is closed, t (ω2) is countable,
t (n,m)→ xn as m→∞ and t (σ ) is closed discrete subset of X for any thin σ ⊆ ω2.
Proof. Suppose that we have proved the lemma for all β < α and x ∈ [A]α . Using
Lemma 3.1 1(α) we may assume that A is countable. Now choose xn→ x as n→∞
such that xn ∈ [A]αn , xn /∈ [A]β for any β < αn and αn < α for every n ∈ ω. Using
Hausdorffness of X choose xn ∈ Un such that Un ∩ Um = ∅ if m 6= n. Put An = (A ∩
Un) \ {xn}. Using Lemma 3.1 2(α) choose {Bn}n∈ω such that Bn ⊆ An, xn ∈ [Bn]αn and
any subset {yn | n ∈ ω} such that yn ∈Bn \ ({xn | n ∈ ω}∪{x}) has its cluster points outside
U =X \ ({xn | n ∈ ω} ∪ {x}). If all αn 6 1 define t :ω2→A as
t (n,m)= xnm ∈ Bn, where xnm→ xn as m→∞,
xnm 6= xlk if (n,m) 6= (l, k). (∗)
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So suppose that all αn > 1 passing to a subsequence if necessary. Then using the
induction assumption choose injections tn :ω2→ Bn such that xn ∈ tn(ω2), t (k,m)→ x ′k
as m→∞ and tn(ω2) \ tn(ω2) is closed and tn(σ ) is a closed discrete subset of X for any
thin σ ⊆ ω2. Obviously tn(ω2) ∩ tm(ω2)⊆ Un ∩Um = ∅ if n 6=m. Now if p :ω→ ω2 is
one-to-one define t :ω2→X as
t (n,m)= tk(l,m), where p(n)= (k, l). (∗∗)
Let us check that t (σ ) is a closed discrete subset of X for a thin σ ⊆ ω2. If not then
for some thin σ ⊆ ω2 the set t (σ ) has a cluster point x ′ ∈ X. We may assume that
t (σ )→ x ′. Let us show that we may assume σ to be of the form σ = {(ni,mi) | i ∈ ω}
where ni+1 > ni and t (ni,mi) ∈ Bni . In case (∗) it is an immediate consequence of
the definition of t . In case (∗∗) each tk(σk) is a closed discrete subset of X where
σk = {(n,m) ∈ ω2 | (n,m)= (p−1(k, n′),m) ∈ σ for some n′ ∈ ω}. Since t (σ )→ x ′ each
σk is finite. Now t (σk) = t (σ ) ∩ tk(ω2) ⊆ Bk so taking a subset if necessary we get the
desired σ . Put yni = t (ni ,mi). By the choice of Bn and σ = {(ni,mi) | i ∈ ω} we have
that yni → x ′ ∈ {xn | n ∈ ω} ∪ {x}. Since yni ∈ Bni ⊆ Ani ⊆ A and x /∈ [A]1 we have that
yni → xn for some n ∈ ω. On the other hand xn ∈ An ⊆ Un where Un is open so there is
ni 6= n such that yni ∈ Un. But yni ∈ Bni ⊆Ani ⊆Uni and Uni ∩Un = ∅. A contradiction.
The set tk(ω2) \ tk(ω2) is closed and any set {yn | n ∈ ω} ∪ {xn | n ∈ ω} ∪ {x} such that
yk ∈ tk(ω2) \ tk(ω2)⊆ Bk is closed by the choice of Bk . This easily gives that
t (ω2) \ t (ω2)=
⋃
k∈ω
tk(ω2) \ tk(ω2) ∪ {xn | n ∈ ω} ∪ {x}
is closed in X. 2
Lemma 3.3. Let X be an s-space, U ⊆X be open, S = {xn | n ∈ ω} and S ⊆ U , xn→ x
as n→∞. If there is no finite δ ⊆ γ such that (⋃ δ)◦ \ S is finite then there exsists A⊆U
such that x /∈ [A]1, x ∈A, A \ {x} ⊆U .
Proof. It is enough to construct by induction on n ∈ ω a sequence {An}n∈ω of subsets of
X such that An is countable (here Lemma 3.1 is used) and the following properties hold.
xin ∈An ⊆ U, in+1 > in, An ⊆U \
⋃
k,m6n
ξk(Am),
where the notation {ξ ∈ γ | ξ ∩ B 6= ∅} = {ξn(B) | n ∈ ω} is used for a countable B . Now
it is easy to see that any ξ ∈ γ intersects at most finitely many An. Since γ has properties
listed in (S) it follows that x /∈ [⋃n∈ω An]1. Cutting An if necessary (Lemma 3.1 is used)
we can arrange so that any ξ ∈ γ intersects only finitely many An \ {xin} which will
guarantee that A=⋃n∈ω An has the required properties. 2
The next technical lemma is used in the proof of Theorem 3.7.
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Lemma 3.4. Let X be an s-space with property (Scl). Let the following condition hold for
any x ∈X:
(∗) there is an open U ⊆ X such that x ∈ U and for any sequence S converging to x
there is no finite δ ⊆ γ such that⋃ δ ⊆U and (⋃ δ)◦ \S is finite. Then the following
two conditions hold for any α < ω1:
1(α) if S ⊆U is a convergent sequence, U is open and S→ x then there is A⊆U
such that x ∈ [A]α and x /∈ [A]β for β < α, A \ {x} ⊆U , A is countable;
2(α) let U ⊆ X be open, t :ω2→ U be an injection such that t (n,m)→ xn /∈ U
as m→∞ and t (σ ) is a closed discrete subset of X for any thin σ ⊆ ω2,
{αn}n∈ω be cofinal in α. Then there is a family {An}n∈ω of subsets of U such
that xn ∈ [An]αn , xn /∈ [An]β for any β < αn, An \ {xn} ⊆ U , An is countable
and any subset {yn | n ∈ ω} such that yn ∈An ∩U is a closed discrete subset
of X.
Proof. Suppose that we have proved 1(β) and 2(β) for all β < α. Let {αn | n ∈ ω, αn < α}
be a cofinal sequence of ordinals in α. Let t :ω2→ U , U ⊆ X be as in 2(α). Let ξ ⊆ X.
If ξ ∩ t ({n | n > k} × ω) = ∅ for some k ∈ ω then put k(ξ) equal to the least such k.
Otherwise k(ξ)= ω. If A⊆ X is countable then the set {ξ ∈ γ | ξ ∩ A 6= ∅, k(ξ) < ω} is
also countable. So {ξ ∈ γ | ξ ∩A 6= ∅, k(ξ) < ω} = {ξn(A)}n∈ω. Thus for every n ∈ ω
ξn(A)∩ t
({n | n > k(ξn(A))} ×ω)= ∅. (∗∗)
Now using induction by n ∈ ω and 1(αn) it is easy to construct a sequence {An}n∈ω of
subsets of U such that xn ∈ [An]αn , xn /∈ [An]β for any β < αn, An \ {xn} ⊆ U and An is
countable and
U ∩Al ∩
⋃
n,m6k
ξn(Am)= ∅ for l >max
{
k
(
ξn(Am)
) | n,m6 k}. (∗∗∗)
Indeed for such l t (l, n)→ xl as n→∞ and t ({l}×ω)⊆U \⋃n,m6k ξm(Am) by (∗∗).
Then 1(αn) is used.
The proof of the following fact is trivial and thus omitted.
Fact. Let δ be a countable collection of subsets of X. Then there exists a thin subset σδ of
ω2 such that for every ξ ∈ δ either ξ ∩ t (σδ) 6= ∅ or k(ξ) < ω.
Denote δ = {ξ ∈ γ | ξ∩An 6= ∅ for some n ∈ ω}. We may assume thatAn∩ t (σδ)= ∅ for
any n ∈ ω. Here we use the fact that t (σδ) is a closed discrete subset of X and Lemma 3.1.
Using diagonal arguments again we may also assume that any sequence {yn | n ∈ ω} such
that yn ∈An ∩U is a closed discrete subset of U (i.e., has all its cluster points outside U ).
Suppose x is a cluster point of {yn | n ∈ ω}. We may assume that yn→ x as n→∞ so there
is ξ ∈ γ such that ξ ∩{yn | n ∈ ω} is infinite and ξ ⊆X\ t (σδ) (since x /∈ U , t (ω2)⊆U and
t (σδ) is closed discrete, thenX\ t (σδ) is a neighborhood of x; using property (Scl ) ofX get
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what is required). Now k(ξ) < ω and ξ = ξn(Am) for some n,m ∈ ω. Put k =max{n,m}
and take l >max{k(ξn(Am)) | n,m6 k}, such that yl ∈ ξ . Then using (∗∗∗) obtain that
U ∩Al ∩
⋃
n,m6k
ξn(Am)= ∅
so U ∩Al ∩ ξ = ∅ but yl ∈ U ∩Al ∩ ξ . A contradiction. So 2(α) takes place.
Let now S = {xn | n ∈ ω}, S ⊆ U where U is open and S→ x . Using condition (∗) we
may assume that there is no finite δ ⊆ γ such that (⋃ δ)◦ \ S is finite. Using Lemma 3.3
find a set B ⊆U such that x /∈ [B]1, x ∈ B , B \ {x} ⊆U . Using Lemma 3.2 find t :ω2→B
such that x ∈ t (ω2), V =X \ (t (ω2) \ t (ω2)) is open, t (n,m)→ xn as m→∞ and t (σ )
is a closed discrete subset of X for any thin σ ⊆ ω2. We may assume that x 6= xn for any
n ∈ ω and that t is an injection. Choose {αn | n ∈ ω}, αn+1 > αn cofinal in α. Using 2(α)
find a family {An}n∈ω of subsets of V such that xn ∈ [An]αn , xn /∈ [An]β for any β < αn,
An \ {xn} ⊆ V and any subset {yn | n ∈ ω} such that yn ∈An∩V is a closed discrete subset
of X. Put A=⋃n∈ω An. Now A \ {x} ⊆ U . Suppose that x ∈ [A]β for some β < α. Then
x ∈ [A]αn for some n ∈ ω. But one can see that
[A]αn ⊆
⋃
n∈ω
An ∩U ∪ {xk | k ∈ ω}
so x /∈ [A]αn . Thus x /∈ [A]β for β < α. We may assume that x ∈ [A]α taking a subset of
A. We can also make A countable applying Lemma 3.1. 2
The previous lemma immediately gives.
Lemma 3.5. If X is an s-space with property (Scl ) such that so(X) < ω1 then there is
x ∈X and a sequence S converging to x such that for any open x ∈ U there is finite δ ⊆ γ
such that
⋃
δ ⊆U and (⋃ δ)◦ \ S is finite.
Lemma 3.6. If X is an s-space with property (Scl ) such that so(X) < ω1 then piχ(X) is
countable.
Proof. Using Lemma 3.5 for open subspaces of X one can see that the set of points x ∈X
with the properties listed in Lemma 3.5 is dense in X. So it remains to prove that any such
point has countable pi -character. Put
Ux =
{(⋃
δ
)◦ ∣∣ (⋃ δ)◦∖S is finite, δ ⊆ γ is finite,(⋃
δ′
)◦∖
S is infinite for any δ′ ⊆ δ such that δ′ 6= δ
}
,
where x , S→ x have the properties listed in Lemma 3.5. It follows from Lemma 3.5 that
Ux is a pi -base at x . Obviously Ux is countable. 2
Theorem 3.7. Let X be an s-space such that X has property (Scl ) and so(X) < ω1. Then
piχ(X) is countable and X has a point-countable pi -base.
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Proof. Put
M(δ)=
{
ξ ∈ γ ∣∣ (⋃ δ)◦ ⊇ ξ, (⋃ δ′)◦ 6⊇ ξ for any δ′ ⊆ δ, δ′ 6= δ},
B =
{(⋃
M(δ)
)◦ ∣∣ δ ⊆ γ, δ is finite}.
Then it follows from point-countability of γ and [2, Lemma 3.2] that B is point-countable
and an argument similar to that of Lemma 3.6 shows that B is a pi -base. 2
Corollary 3.8. If a topological group G is an s-space and has sequential order less than
ω1 (for example, G is in P ) then G is metrizable.
Proof. It is enough to show that G has countable character. But it is well-known that
character and pi -character coincide for topological groups so Theorem 3.7 completes the
proof. 2
Example 3.9. In [10] a countable group is constructed which is a nonmetrizable s-space.
So it has neither countable pi -character nor a point-countable pi -base.
4. Applications to spaces in class P
Let us now consider some applications of the results above. Consider the minimal class
P of spaces containing all spaces with point-countable bases and invariant under closed
mappings and multiplication by a metrizable compact. It is easily seen that every space in
P is an s-space and has finite sequential order (see the discussion of class P in Section 1).
In order to apply Theorem 3.7 we need to prove that every space in P has property (Scl).
Definition 4.1. Let UR be the set {ω} ∪ ω ∪ ω2 equipped with the following topology.
Every point (n,m) ∈ ω2 is isolated, basic neighborhoods of ω are of the form {ω}∪{n | n>
k}×ω for some k ∈ ω, basic neighborhoods of n ∈ ω are of the form {n}∪{(n,m) |m> k}
for some k ∈ ω.
Definition 4.2. A space X is called c-regular if it contains no closed subspace homeomor-
phic to UR.
It is easy to check that UR is nonregular so every regular space is c-regular. As the
following lemma shows the converse is true for first-countable spaces. Since we will not
use this result the proof is omitted.
Lemma 4.3. For a first-countable space regularity is equivalent to c-regularity.
Lemma 4.4. Every closed image of a c-regular s-space is c-regular.
Proof. Suppose f :X→ Y is a closed map where X is a c-regular s-space and Y is not c-
regular. We may assume that Y is homeomorphic to UR passing to a subspace if necessary.
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There is a closed map p : UR→ S where S is a convergent sequence such that p is not
k-covering (see [8, Example 2.1]). Thus the composition of f and p is not k-covering. It
follows from [8, Proposition 2.3] that X contains a closed copy of UR which contradicts to
c-regularity of X. 2
The next lemma is a direct consequence of [8, Lemma 1.2] and [8, Lemma 1.4].
Lemma 4.5. Let t :ω2 → X be an injection and X be an s-space. Then there exists a
thick set θ ⊆ ω2 such that for any {(ni ,mi) | i ∈ ω} ⊆ θ such that ni+1 > ni there is a
thick set σ ⊆ θ such that if (n′i ,m′i ) ∈ σ , t (n′i ,m′i )→ x ∈ X as i→∞, n′i+1 > n′i then
t (ni,mi)→ x as i→∞.
Lemma 4.6. Let X be an s-space. Let t :ω2→X be an injection such that t (m,n)→ xm
as n→∞, xm 6= xn if m 6= n, and {xn | n ∈ ω} is a closed discrete subset of X. Then there
exists a thick set σ ⊆ ω2 and a point x ∈X such that the set
S = {t({m} × ω ∩ σ )∪ {xm} |m ∈ ω, ∣∣{m} ×ω ∩ σ ∣∣=ℵ0}∪ {x}
is a closed subset of X homeomorphic either to UR or a topological sum of convergent
sequences.
Proof. Let θ ⊆ ω2 be as in Lemma 4.5. Then suppose that there is {(ni,mi) | i ∈ ω} ⊆ θ
such that ni+1 > ni and t ({(ni,mi) | i ∈ ω}) is a closed discrete subset of X. Let σ be as in
Lemma 4.5. Then it follows that any t ({(n′i ,m′i ) | i ∈ ω})⊆X where n′i+1 > n′i is a closed
discrete subset of X. It is easy to see that
S = {t({m} × ω ∩ σ )∪ {xm} |m ∈ ω, ∣∣{m} ×ω ∩ σ ∣∣=ℵ0}
is homeomorphic to a topological sum of convergent sequences and closed in X.
Suppose that for any subset {(ni ,mi) | i ∈ ω} ⊆ θ such ni+1 > ni set t ({(ni,mi) | i ∈ ω})
has a cluster point. Using sequentiality of X choose {(ni,mi) | i ∈ ω} ⊆ θ such that
t (ni,mi)→ x ∈X as i→∞ for some x ∈X and let σ be as in Lemma 4.5. It follows that
if {(n′i ,m′i ) | i ∈ ω} ⊆ θ and n′i+1 > n′i then t (n′i ,m′i )→ x . It is easy to see that
S = {t({m} × ω ∩ σ )∪ {xm} |m ∈ ω, ∣∣{m} ×ω ∩ σ ∣∣=ℵ0}∪ {x}
is homeomorphic to UR and closed in X (see also the proof of [8, Theorem 2.2]). 2
Lemma 4.7. Let X be a c-regular s-space. If so(X) is finite then X has property (Scl).
Proof. Let S → x , x ∈ X. To prove (Scl) it is enough to find finite δ ⊆ γ such that
S \⋃ δ is finite and δ ⊆U . We also may assume that γ is closed under finite intersections.
Suppose that (Scl) does not hold. Since the set {ξ ∈ γ | ξ ∩ S 6= ∅} is countable, then using
observations above we have that there is a countable family {An}n∈ω such that An+1 ⊆An,
any neighborhood x ∈ U contains some An and there is xn ∈ An \ U (actually every An
is a finite union of elements of γ and S \ An is finite but we do not need these extra
properties; they are needed only to construct An). If the set {xn}n∈ω is not discrete then
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using Lemma 3.1 2(α) we easily get a contradiction (we choose a convergent subsequence
of {xn}n∈ω and apply the remark after 2(α)). So assume that xn form a closed discrete
subset of X and xn 6= xm if n 6= m. Let l ∈ ω be the least such that there is an infinite
subfamily {Ani }i∈ω such that xni ∈ [Ani ]l . Since so(X) is finite, l is correctly defined. Let
us show that we may assume l = 1. We will prove that
(∗) there is x ∈ V open such that there is an infinite subfamily {Anj }j∈ω such that
x ′nj ∈ [Anj ]l−1 for some x ′nj ∈X \ V .
Passing to a subfamily we can assume that xk ∈ [Ak]l for every k ∈ ω. Now choose
{y(k,m)}m,k∈ω such that y(k,m)→ xk as m→∞ and y(k,m) ∈ [Ak]l−1. It is easily seen
that we may assume that y(k,m) 6= y(n, s) if (k,m) 6= (n, s). So we can put t :ω2→ X
to be t (k,m) = y(k,m) and apply Lemma 4.6. Passing to subfamily and changing t we
may assume that the thick set σ = ω2. Since X does not contain UR it follows that
S = t (ω2) ∪ {xn | n ∈ ω} is homeomorphic to a topological sum of convergent sequences
and closed. So {y(k,1) | k ∈ ω} is a closed discrete subset of X. We may assume that
x /∈D = {y(k,1) | k ∈ ω}. Putting V =U \D, x ′k = y(k,1) we obtain (∗). So now we may
assume that there is {y(k,m)}m,k∈ω such that y(k,m)→ xk as m→∞ and y(k,m) ∈Ak .
Since every neighborhood of x contains some Ak and the family {Ak}k∈ω is decreasing
we get that {y(k,m) | k,m ∈ ω} ∪ {xk | k ∈ ω} ∪ {x} is closed and homeomorphic to UR.
A contradiction. 2
Remark. The restriction on sequential order in the lemma above is necessary as simple
examples show.
Proof of Theorem 1.2. It is easy to show by induction applying Lemmas 4.3–4.6 that
every ‘generation’ of P is c-regular. So the theorem follows immediately from Lemma 4.7
and Theorem 3.7. 2
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